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 i [ 1 ! N >	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δ1(i) = πibi(o1)
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 t [ 2 ! T >	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ψt(j) = arg max
1≤i≤N
{δt−1(i)aij}
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{δT (i)}
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∀ 1 ≤ i, j ≤ N, ai,j = exp(xi,j)N∑
k=1
exp(xi,k)
∀ 1 ≤ i ≤ N, 1 ≤ j ≤M, bi(j) = exp(yi,j)M∑
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exp(yi,k)
∀ 1 ≤ i ≤ N, πi = exp(zi)N∑
k=1
exp(zk)
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rK(x)i = xi − max
j=1..K
xj
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R rK ◦ rK = rK
R %  x ∈ ΩK C rK(x) = x
R %  (x, y) ∈ (RK)2C rK(rK(x) + rK(y)) = rK(x + y)
R %  x ∈ RK C c ∈ RC rK(c · x) = rK(c · rK(x))
R %  x ∈ RK C c ≥ 0C rK(c · x) = c · rK(x)
R %  x ∈ RK C c ∈ RC rK(x + c · 1K) = rK(x)
R %  x ∈ RK C rK(−x) = rK(−rK(x))
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R ⊕K : ΩK ×ΩK → ΩK  C %  (x, y) ∈ (ΩK)2C x⊕K y = y ⊕K x = rK(x + y)
R K : R× ΩK → ΩK  C %  x ∈ ΩK  c ∈ RC cK x = xK c = rK(c · x)
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 %  (x, y, z) ∈ (ΩK)3  (a, b) ∈ R2 &
R aK (x⊕K y) = (aK x)⊕K (aK y)
R (a + b)K x = (aK x)⊕K (bK x)
R aK (bK x) = (a ·K b)K x
R (x⊕K y)⊕K z = x⊕K (y ⊕K z)
R 1K x = x
+*  	 %%
   (ΩK ,⊕K ,K)   %	 	
 < 

K : ΩK × ΩK → ΩK  C %  (x, y) ∈ (ΩK)2C
xK y = y K x = rK(x− y) = x⊕ (−1K y)
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R ψK : G∗K → ΩK   %  x ∈ G∗K C ψK(x)i = lnxi −maxj=1..K lnxj
R φK : ΩK → G∗K   %  x ∈ ΩK C φK(x)i = exp xiP
j=1..K exp xj
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R %  x ∈ G∗K C φK(ψK(x)) = x
R %  x ∈ ΩK  c ∈ RC φK(x + c · 1K) = φK(x)
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R K : G∗K ×G∗K → G∗K  C %  (x, y) ∈ (G∗K)2C xK y = y K x 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(xK y)i =
xi · yi
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=
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3 t [ T − 1 ! 1 >	
3 i [ 1 ! N >	
β˜t(i) = ct
∑N
j=1 ai,jβ˜t+1(j)fj(ot+1)
>	 3
>	 3
=	 
P (V = O, I = J, S = Q/λ) = πq1
(
T−1∏
t=1
aqtqt+1
)(
T∏
t=1
cjt(ot)
)(
T∏
t=1
bqt(jt)
)
 :	
 ΓO  7	

ΓO(λ, λ′) =
∑
Q∈ST
lnπq1P (S = Q/V = O,λ
′)
+
∑
Q∈ST
(
T−1∑
t=1
ln aqtqt+1
)
P (S = Q/V = O,λ′)
+
∑
J∈VT
∑
Q∈ST
(
T∑
t=1
ln bqt(jt)
)
P (I = J, S = Q/V = O,λ′)
+
∑
J∈VT
(
T∑
t=1
ln cjt(ot)
)
P (I = J/V = O,λ′)
= ΓπO(λ, λ
′) + ΓAO(λ, λ
′) + ΓBO(λ, λ
′) + ΓCO(λ, λ
′)
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R Γ(λ, λ′)  	%      :	
  % 

	  
7
%C % 	 
  %
*   $

 
%   

R ΓCO(λ, λ
′)  % %  λC 	  % 
, 	    $



 ΓO
R +$%
   ΓΠO(λ, λ
′)  ΓAO(λ, λ
′)  

 1 	 + *
 
%%
 > 1 +%%
,  !C 	  :  7

 

 
 :	
 &
πi = P (S1 = si/V = O,λ′)
ai,j =
T−1∑
t=1
P (St = si, St+1 = sj/V = O,λ′)
T−1∑
t=1
P (St = si/V = O,λ′)
 B 	 +$%
  7

  	B	
 bi(j) ' 	C 
 B  7
  +$%
 ΓBO(λ, λ
′)  
%
 &
ΓBO(λ, λ
′) =
∑
J∈VT
∑
Q∈ST
(
T∑
t=1
ln bqt(jt)
)
P (I = J, S = Q/V = O,λ′)
=
T∑
t=1
N∑
i=1
M∑
j=1
ln bi(j)P (It = vj, St = si/V = O,λ′)
> 

  
%
	  ,, % 	

M∑
j=1
bi(j) = 1   
C
 *

∂
∂bi(j)
(
ΓBO(λ, λ
′) +
N∑
n=1
γn
(
N∑
k=1
bn(k)− 1
))
=
T∑
t=1
P (It = vj , St = si/V = O,λ′)
bi(j)
+ γi
= 0

∂
∂γi
(
ΓBO(λ, λ
′) +
N∑
n=1
γn
(
N∑
k=1
bn(k)− 1
))
=
N∑
k=1
bi(k)− 1
= 0
2  
%
 % bi(j)  %
 
     jC  *
C ,W	
1  $
 

γi = −
T∑
t=1
P (St = si/V = O,λ′)
 	
bi(j) =
T∑
t=1
P (It = vj , St = si/V = O,λ′)
T∑
t=1
P (St = si/V = O,λ′)
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  O(NM2 +
N2T + NMT )
2,
 --& 2,
  678	 !==
!

   


 λ0
t = 0
8
t← t + 1
!	  
*     %   λt−1
!	 Π  λt
!	 A  λt
!	 B  λt
*   P (V = O/λt) > P (V = O/λt−1)"   t < t"
+ 
 ZC  %**
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 %  7
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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  	
 +%%
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 1 %

   	
   
*	C 
 
%:
 	
 +
 	  ,
   %**

 P (V = O/λ)  	 	7

C   %%  ,
  P (V = O/λ)  %  
 


1  	
  .
# 	
 *  %%
  
	,C    :	
 &
L(λ) = lnP (V = O/λ)
∂L(λ)
∂λ
(µ) =
1
P (V = O/µ)
∂P (V = O/λ)
∂λ
(µ)
∂P (V = O/λ)
∂xi,j
=
T∑
t=2
αt−1(i)ai,jfj(ot)βt(j) − ai,j
T∑
t=2
αt−1(i)βt−1(i)
∂P (V = O/λ)
∂zi
= πifi(o1)β1(i)− πiP (V = O/λ)
∂P (V = O/λ)
∂yi,j
=
T∑
t=1
N∑
l=1
N∑
m=1
∂P (V = O/λ)
∂αt(l)
.
∂αt(l)
∂bl(ot = m)
.
∂bl(ot = m)
∂yi,j
=
T∑
t=1
N∑
m=1
∂P (V = O/λ)
∂αt(i)
.
∂αt(i)
∂bi(ot = m)
.
∂bi(ot = m)
∂yi,j
=
T∑
t=1
N∑
m=1
∂P (V = O/λ)
∂αt(i)
.
∂αt(i)
∂bi(m)
.
∂bi(m)
∂yi,j
αt(i) =
⎧⎨
⎩
πifi(o1) 
 t = 1
N∑
k=1
αt−1(k)ak,ifi(ot) 
 t > 1
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	
∂αt(i)
∂bi(m)
=
⎧⎨
⎩
πicm(o1) 
 t = 1
N∑
k=1
αt−1(j)aj,icm(ot) 
 t > 1
= αt(i)
bi(m)cm(ot)
fi(ot)
+Y
∂P (V = O/λ)
∂yi,j
=
T∑
t=1
N∑
m=1
βt(i)αt(i)
bi(m)cm(ot)
fi(ot)
(κ(m = j)− bi(j))
=
T∑
t=1
βt(i)
bi(j)cj(ot)
fi(ot)
αt(i) − bi(j)
T∑
t=1
βt(i)αt(i)
> 

  
*     	 7	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
1
P (V = O/λ)
∂P (V = O/λ)
∂xi,j
=
T∑
t=2
α˜t−1(i)ai,jfj(ot)β˜t(j)− ai,j
T∑
t=2
α˜t−1(i)β˜t−1(i)
ct−1
1
P (V = O/λ)
∂P (V = O/λ)
∂yi,j
=
T∑
t=1
βt(i)
bi(j)cj(ot)
fi(ot)
αt(i) − bi(j)
T∑
t=1
βt(i)αt(i)
1
P (V = O/λ)
∂P (V = O/λ)
∂zi
= πifi(o1)β˜1(i)− πi
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P (V = O, I = J∗, S = Q∗/λ)  	 	
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3 j [ 1 ! N >	
3 k [ 1 ! M >	
fj(k) =
∑M
v=1 bj(v)cv(k)
>	 3
>	 3
3 i [ 1 ! N >	
δ1(i) = πifi(o1)
>	 3
3 t [ 2 ! T >	
3 j [ 1 ! N >	
δt(j) = max
1≤i≤N
{δt−1(i)aij} fj(ot)
ψt(j) = arg max
1≤i≤N
{δt−1(i)aij}
>	 3
>	 3
P (V = O,S = Q∗) = max
1≤i≤N
{δT (i)}
q∗T = arg max1≤i≤N
{δT (i)}
3 t [ T − 1 ! 1 >	
q∗t = ψt+1(q∗t+1)
>	 3
  X1..t  t %
    
 X  X % L  
  
*

   

  
* 
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 
δt(i) = max
Q1..t−1∈St−1,J1..t∈Vt
{P (V1..t = O1..t, I1..t = J1..t, S1..t−1 = Q1..t−1, St = si/λ)}
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 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 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% t− 1
>  gj(k) = maxv=1..M bj(v)cv(k)C  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δ1(i) = max
1≤v≤M
πbi(v)cv(k)
= πigi(o1)
δt(j) = max
1≤i≤N,1≤v≤M
δt−1(i)ai,jbj(v)cv(k)
= max
1≤i≤N
δt−1(i)ai,jgj(k)
=
(
max
1≤i≤N
δt−1(i)ai,j
)
gj(k)
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3 j [ 1 ! N >	
3 k [ 1 ! M >	
fj(k) =
∑M
v=1 bj(v)cv(k)
>	 3
>	 3
3 i [ 1 ! N >	
δ˜1(i) = lnπi + ln fi(o1)
>	 3
3 t [ 2 ! T >	
3 j [ 1 ! N >	
δ˜t(j) = max
1≤i≤N
{
δ˜t−1(i) + ln aij
}
+ ln fj(ot)
ψ˜t(j) = arg max
1≤i≤N
{
δ˜t−1(i) + ln aij
}
>	 3
>	 3
lnP (V = O,S = Q∗) = max
1≤i≤N
{
δ˜T (i)
}
q∗T = arg max
1≤i≤N
{
δ˜T (i)
}
3 t [ T − 1 ! 1 >	
q∗t = ψ˜t+1(q∗t+1)
>	 3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*  (ψc, p, q0)    %
> 
  ,
  +A  	% %
	
% 1 A$  =	a%:
 C  444"C  
	  XX ′ 

  $ %
	
%$  	 ψc(E)  $
* 1 %
   *  [U1, . . . , Up]   +%	 	

  Rp)
  %
Ui =
1√
λi
X Vi (i = 1, . . . , p)
=
1√
λi
T∑
j=1
(Vi)jψc(xj)  . "
	 (Vi)j  j7
   	 	 Vi Ui   	 %% 
  

	  	
 1   %% λi ' 		
  X C  C %  i = 1..pC
XVi =
√
λiI∗,i

XX ′ = 
,(λ1, . . . , λp)
	 
,(λ1, . . . , λp)  
	 
, + 
,$ λ1C    C λp ' 	C
[U1, . . . , Up]   *    +%	 	

 Rp
+
 .  % +

 +% 

 Γ : RT → Rp 
 %
Γ = X
[
p∑
i=1
1√
λi
Πi
]
	 Πi  %(	
 ,  +%	 	
 , % Vi %% ΠiX = (X|Vi)Vi
<  
ΓVi =
{
Ui 
 i = 1..p
0 

 
	
  Γ 1 +%	 , Ker(q)⊥   

  Ker(q)⊥  Rp 
 $ 
%   	 	

 	

Γ′Γ   %(	 ,  +%	 	
 , % [V1, . . . , Vp] %%
Γ′Γ = V 
,(signe(λ1), . . . , signe(λT ))V ′
	
signe(λ) =
⎧⎪⎨
⎪⎩
1 
 λ > 0
0 
 λ = 0
−1 
 λ < 0
 --
 
 !  
     "
 %(	
  	 ψc(xk)  +$ Ui   %
(ψc(xk)|Ui) = ψc(xk)′Ui
 	 + : 
  
, (0, n)  


  	 	

C %

 %	 w(·, ·) %  %%
2(.(. /    
 

 	   	
   	 + : 
  
,
(p, n) 	 p > 0  n > 0
< 

D+ =
⎡
⎢⎢⎢⎢⎣
√
λ1 0 . . . 0
0

















 0
0 . . . 0
√
λp
⎤
⎥⎥⎥⎥⎦
D− =
⎡
⎢⎢⎢⎢⎣
√−λp+1 0 . . . 0
0

















 0
0 . . . 0
√−λp+n
⎤
⎥⎥⎥⎥⎦
=
 ∆+  ∆−  
	 	,
 %	
  

 p × T  n × T

 %
∆+ = [D+ 0[p×(T−p)]]
∆− = [0[n×p] D− 0[n×(T−n−p)]]
	 0[a×b]  
	   

 a× b =
 ∆ =
[
∆+
∆−
]

∆′Σ(p, n)∆ = 
,(λ1, . . . , λT )
=
 X =
[ X+
X−
]
=
[
∆+V ′
∆−V ′
]
= ∆V ′  
	 M 
 M = X ′Σ(p, n)X  !

	 % L 7	
 1 +
  $ 	% & + I %

 JC + I ,
 JC
  &
M = M+ + M−
M+ = (X+)′X+
M− = −(X−)′X−
<   M+ −M− = X ′X C M+M− = M−M+ = 0  X ′XVi = |λi|Vi
 	 %% V1C    C Vp   	 %%  M
+
	
 $ L
 %%  M   	 %% Vp+1C    C Vp+n   	 %% 
M− 	
 $  −λp+1C   C −λp+n   	 %% : %
  A
 M+  M−  
	 M+  −M−  	 A
 
 
 %


 
 


  	 	

C  

  :	
 ψc : E → Rp+nC  
ψc(x) =
[
ψc(x)+
ψc(x)−
]
	 ψc(xi)+ = X+I∗,i  ψc(xi)− = X−I∗,i +Y ψc(xi) = X I∗,i % i = 1..p + n
 -.
 
 !  
     "
M 
 +%	 R
p+n
  	 %7	

  %  :

  qn  
, (p, n)  :	
 ψc 

< ψc(xi)|ψc(xj) >n= Ii,∗X ′Σ(p, n)X I∗,j
+Y w(xi, xj) = qn(ψc(xi)− ψc(xj))  % ψc(E) , Rp+n
*  (ψc, p + n, qn)      E
! %	C  	
  
	  XX ′ 	  A  
$ %
	
%$  :
 %
Ui =
1√|λi|XVi, i = 1, . . . , p + n
=
1√|λi|
T∑
j=1
(Vi)jψc(xj) .
' 		
C   XVi =
√|λi|I∗,i  XX ′ = 
,(|λ1|, . . . , |λp+n|)
U = {U1, . . . , Up+n}   * 	
  Rp+n > EC  
< Ui|Uj >=
{
signe(λi) 
 i = j
0 

+% 

 Γ : RT → Rp+n 
 %
Γ = X
[
p+n∑
i=1
1√|λi|Πi
]


ΓVi =
{
Ui 
 i = 1..p + n
0 

 
	
  Γ  Ker(q)⊥  	  

  Ker(q)⊥  Rp+n  :

  
 &
Γ′Σ(p, n)Γ = V 
,(signe(λ1), . . . , signe(λT ))V ′
ΓΓ′ = p+n
 	%

  ψc(x)   * U 	
 1
ψc(x) =
p+n∑
i=1
signe(λi) < ψc(x)|Ui >n Ui
	
< ψc(xk)|Ui >n = ψc(xk)′Σ(p, n)Ui
= Ik,∗X ′Σ(p, n) 1√|λi|XVi
=
1√|λi|Ik,∗MVi
=
1√|λi|
T∑
j=1
(Vi)j < ψc(xk)|ψc(xj) >n
+*  : %%   	 %7	

  , *
  	 	

C %%  n = 0C 1  
E	  +%	 I ,
: J 	
 $
 %% ,
  
  
, {0}
 -
 
 !  
     "
2(.(
 	    
 
 % 	
 %  
 	 %,  	
 1 	
 ,  %
  
 1 $%
  %,  
 
%  +
,

c 	

 ' 	C  	
 E   %,  (ψc, r, q) +
,
 c =

µ = 1T
∑T
i=1 ψc(xi)  	  , : %  	 ψc(xi) % i = 1..T  =
 ψ(x) =
ψc(x) − µ  (ψ, r, q)  ,  %,   E =%% +$
	
+ *( *
 ν   ψc(ν) = µ %% ψ(ν) = 0 <  &
w(xi, xj) = qn(ψc(xi)− ψc(xj)) = qn(ψ(xi)− µ− (ψ(xj)− µ)) = qn(ψ(xi)− ψ(xj))
w(ν, xi) = qn(µ− ψc(xi)) = qn(ψ(xi))
 
	 M 	
 1 ψ   % &
mi,j = < ψ(xi)|ψ(xj) >
= < ψc(xi)− µ|ψc(xj)− µ >
=
w˜i + w˜j − w(xi, xj)− w˜
2
	 w˜i = 1T
∑T
i=1 w(xi, xj)  w˜ =
1
T 2
∑T
i=1
∑T
j=1 w(xi, xj) <   	 :
	% $ 
 	
  G,  G,C  4.-" %%
   	 	
7

 <  ,   
	 M  %    



 wC  +
 
%  +
,
 c 	


 	,  ,  %
 % 
  E 
  q + % 

%

 %% p 	= 0  n 	= 0 > EC  	 	C  A Ker(q) + % 
 

, {0} ' +$% 
 & T = 2C r = 2C q(x) = x21 − x22C σ(q) = (1, 1) 
ψc(E) = {(1 0)′, (3 2)′}  	 	C µ = (2 1)′  ψ(E) = ψc(E) − µ  	  

 
% R
(
1
1
)
  
	 M 	
    (ψ, 2, q) + %  %,

2(.(2 B  
'  +
	
  %, 1  
%
 %C  	
 $ %,7
  (ψ, r, qn)  (ψ∗, r∗, q∗n∗)  E %	
  Rr  Rr
∗
 =
 σ(qn) =
(p, n)  σ(q∗∗ ) = (p∗, n∗) '
 w(xi, xj) = qn(ψ(xi) − ψ(xj)) = qn∗(ψ∗(xi) − ψ∗(xj))C 

  ψ(E) + 	 
Q	   :  ,C 	  % %%
 %  ,
   $ %,  (ψ, r, qn)  (ψ∗, r∗, q∗n∗) 
	 '
+
 +,
  %, C r  r∗  

$ +Y r = r∗ =

K = {k1, . . . , kr} ⊂ E  Xi = ψ(xki)    	 
, X = [X1, . . . ,Xr] : 
*  R
r
 =
 X∗ = [X∗1 , . . . ,X∗r ]  	 
,   X∗i = ψ
∗(xki)
' 

C  
	  ; Gn(X) = X ′Σ(p, n)X 	
 1 X 	: 1 qn
 , 1  
	  ; G∗n∗(X∗) = X∗
′Σ(p∗, n∗)X∗ 	
 1 X∗ 	: 1 q∗n
' 	C X∗  ,  *  Rr  
 $
  
	  

 r× r
  AX = X∗ ' 		
C %  (X,Y ) ∈ (Rr)2C   < AX|AY >n∗=<
X|Y >n 	 A   
%
  (Rr, qn)  (Rr, q∗n∗) ! 
%
  p =
p∗  n = n∗ '
  	 ψ(xi)  ψ∗(xi)  
 %  	
< ψ(xi)|Xj >n  < ψ∗(xi)|X∗j >n∗   * X  X∗C   ψ∗ = A ◦ ψ +* 
	 		
  % +*
   

 -
 
 !  
     "
*  " (ψ, r, qn)  (ψ∗, r∗, q∗n∗) 
    E   
+ w% " G  G∗    @ ' 8   ψ(E)  ψ∗(E) 
  )) (Rr, qn)  (Rr
∗
, q∗n∗)%   6   4
; r = r∗ = rang(G) = rang(G∗)
; qn  q
∗
n∗  )    + 8   G  G
∗
;  
 
  τ1  τ2  R
r
   A  / ))
(Rr, q)  ) ψ∗ = (τ1 ◦A ◦ τ1) ◦ ψ
> 	
 (  
 %	C  
	 M  	%  
: M = X ′Σ(p, n)X  =
 X ∗ = [ψ∗(x1), . . . ψ∗(xT )]  
	 	
 1 ψ∗ ' 		7

C   X ∗′Σ(p, n)X ∗ = M  > %%
   %	C  
 +
 $
 

	 	  

 r × r   A′Σ(p, n)A = Σ(p, n) +Y X ∗ = AX  < 

X ∗+ = AX+  X ∗− = AX− <  M∗ = M∗+ + M∗− 	 M∗+ = X ∗+′Σ(p, n)X ∗+ = M+
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ΓO(λ, λ′) =
∑
Q∈ST
P (S = Q/V = O,λ′) lnP (V = O,S = Q/λ)
=	 
P (V = O,S = Q/λ) = πq1
(
T−1∏
t=1
aqtqt+1
)(
T∏
t=1
bqt(ot)
)
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ΓO(λ, λ′) =
∑
Q∈ST
lnπq1P (S = Q/V = O,λ
′)
+
∑
Q∈ST
(
T−1∑
t=1
ln aqtqt+1
)
P (S = Q/V = O,λ′)
+
∑
Q∈ST
(
T∑
t=1
ln bqt(ot)
)
P (S = Q/V = O,λ′)
= ΓπO(λ, λ
′) + ΓAO(λ, λ
′) + ΓBO(λ, λ
′)
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ΓπO(λ, λ
′) =
∑
Q∈ST
lnπq1P (S = Q/V = O,λ
′)
=
N∑
i=1
lnπiP (S1 = si/V = O,λ′)
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∂πi
(
ΓπO(λ, λ
′) + γ
(
N∑
i=1
πi − 1
))
=
P (S1 = si/V = O,λ′)
πi
+ γ
= 0

∂
∂γ
(
ΓπO(λ, λ
′) + γ
(
N∑
i=1
πi − 1
))
=
N∑
i=1
πi − 1
= 0
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ΓAO(λ, λ
′) =
∑
Q∈ST
(
T−1∑
t=1
ln aqt,qt+1
)
P (S = Q/V = O,λ′)
=
N∑
i=1
N∑
j=1
T−1∑
t=1
ln aijP (St = si, St+1 = sj/V = O,λ′)
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∂ai,j
(
ΓAO(λ, λ
′) +
N∑
n=1
γn
(
N∑
k=1
an,k − 1
))
=
T−1∑
t=1
P (St = si, St+1 = sj/V = O,λ′)
ai,j
+ γi
= 0
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∂γi
(
ΓAO(λ, λ
′) +
N∑
n=1
γn
(
N∑
k=1
an,k − 1
))
=
N∑
k=1
ai,k − 1
= 0
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γi = −
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t=1
P (St = si/V = O,λ′)
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ai,j =
T−1∑
t=1
P (St = si, St+1 = sj/V = O,λ′)
T−1∑
t=1
P (St = si/V = O,λ′)
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ΓBO(λ, λ
′) =
∑
Q∈ST
(
T∑
t=1
ln bqt(ot)
)
P (S = Q/V = O,λ′)
=
N∑
i=1
T∑
t=1
ln bi(ot)P (St = si/V = O,λ′)
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⎛
⎝ΓBO(λ, λ′) + N∑
n=1
γn
⎛
⎝ N∑
j=1
bn(j)− 1
⎞
⎠
⎞
⎠
=
T∑
t=1
P (St = si/V = O,λ′)δ(ot = j)
bi(j)
+ γi
= 0
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⎝ΓBO(λ, λ′) + N∑
n=1
γn
⎛
⎝ N∑
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bn(j) − 1
⎞
⎠
⎞
⎠ = N∑
j=1
bi(j)− 1
= 0
 :	
 δ(p)  1 
  %
	 p  
  0 
 <   ∑M
j=1 δ(ot = j) = 1C 	     A* ot %  
 1  % 
2  
%
 % bi(j)  %
 
     jC  *
C ,W	
1  $
 

γi = −
T∑
t=1
P (qt = i/V = O,λ′)
 	
bi(j) =
T∑
t=1
P (St = si/V = O,λ′)δ(ot = j)
T∑
t=1
P (St = si/V = O,λ′)
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)" 6
< *
 &
πi = P (S1 = si/O, λ′)
ai,j =
T−1∑
t=1
P (St = si, St+1 = sj/V = O,λ′)
T−1∑
t=1
P (St = si/V = O,λ′)
bi(j) =
T∑
t=1
P (St = si/V = O,λ′)δ(ot = j)
T∑
t=1
P (St = si/V = O,λ′)
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 
)	    	
  	
=
 L(λ) = lnP (V = O/λ) $

  
*	 P (V = O/λ)  
 1
$

  ,
   
*	 L(λ) !	  ,
  L(λ) % %%
$ %  λ  %
 µ
∂L(λ)
∂λ
(µ) =
1
P (V = O/µ)
∂P (V = O/λ)
∂λ
(µ)
$

 L(λ) 	
 	  		  
 %
  P (V = O/λ) % %7
% $ 
E %   2   % ,  	
  	
	

 *
  ,
 

*C  $%
   	  
* xi,jC yi,j  zi
>  	
 *	
  	
 

<  κ(cond) = 1 
 cond  
  κ(cond) = 0 
 <  :	
 
∂ai,l
∂xi,j
= ai,l(κ(l = j)− ai,j)
∂bi(m)
∂yi,j
= bi(m)(κ(m = j)− bi(j))
∂πl
∂zi
= πl(κ(i = l)− πi)
>  	
 *	
 *	 	**	 8 	
$ xi,j
> 

  ,  	, %  

  g(θ) = f(h1(θ), . . . , hk(θ))
∂g
∂θ
=
k∑
i=1
∂f
∂hi
.
∂hi
∂θ
 *

∂P (V = O/λ)
∂xi,j
=
T∑
t=1
N∑
l=1
∂P (V = O/λ)
∂αt(l)
.
∂αt(l)
∂ai,l
.
∂ai,l
∂xi,j

αt(l) =
⎧⎨
⎩
πlbl(o1) 
 t = 1
N∑
k=1
αt−1(k)ak,lbl(ot) 
 t > 1
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	
∂αt(l)
∂ai,l
=
{
0 
 t = 1
αt−1(i)bl(ot) 
 t > 1
 P (V = O/λ) =
N∑
i=1
αt(i)βt(i) 	
∂P (V = O/λ)
∂αt(l)
= βt(l)
+Y
∂P (V = O/λ)
∂xi,j
=
T∑
t=2
N∑
l=1
βt(l)αt−1(i)bl(ot)ai,l(κ(l = j)− ai,j)
=
T∑
t=2
αt−1(i)ai,jbj(ot)βt(j)− ai,j
T∑
t=2
αt−1(i)βt−1(i)
>  	
 *	
 *	 	**	 8 	
$ yi,j
 :N 


C
∂P (V = O/λ)
∂yi,j
=
T∑
t=1
N∑
l=1
N∑
m=1
∂P (V = O/λ)
∂αt(l)
.
∂αt(l)
∂bl(ot = m)
.
∂bl(ot = m)
∂yi,j
=
T∑
t=1
N∑
m=1
∂P (V = O/λ)
∂αt(i)
.
∂αt(i)
∂bi(ot = m)
.
∂bi(ot = m)
∂yi,j
=
T∑
t=1
N∑
m=1
∂P (V = O/λ)
∂αt(i)
.
∂αt(i)
∂bi(m)
.
∂bi(m)
∂yi,j
αt(i) =
⎧⎨
⎩
πibi(o1) 
 t = 1
N∑
k=1
αt−1(k)ak,ibi(ot) 
 t > 1
	
∂αt(i)
∂bi(m)
=
⎧⎨
⎩
κ(o1 = m)πi 
 t = 1
κ(ot = m)
N∑
k=1
αt−1(j)ak,i 
 t > 1

κ(ot = m)
⎧⎨
⎩
πibi(m) 
 t = 1(
N∑
k=1
αt−1(k)ak,i
)
bi(m) 
 t > 1
⎫⎬
⎭ = κ(ot = m)αt(i)
+Y
∂P (V = O/λ)
∂yi,j
=
T∑
t=1
N∑
m=1
βt(i)κ(ot = m)αt(i)(κ(m = j)− bi(j))
=
T∑
t=1
βt(i)αt(i)(κ(ot = j)− bi(j))
 4
%   
   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
>"  	
 *	
 *	 	**	 8 	
$ zi
 :N 


C
∂P (V = O/λ)
∂zi
=
N∑
l=1
∂P (V = O/λ)
∂πl
.
∂πl
∂zi
 P (V = O/λ) =
N∑
k=1
πibi(o1)β1(i) 	
∂πl
∂zi
= bl(o1)β1(l)
+Y
∂P (V = O/λ)
∂zi
=
N∑
l=1
πlbl(o1)β1(l)(κ(i = l)− πi)
= πibi(o1)β1(i)− πiP (V = O/λ)
>% 6
< *
 &
∂P (V = O/λ)
∂xi,j
=
T∑
t=2
αt−1(i)ai,jbj(ot)βt(j)− ai,j
T∑
t=2
αt−1(i)βt−1(i)
∂P (V = O/λ)
∂yi,j
=
T∑
t=1
βt(i)αt(i)(κ(ot = j) − bi(j))
∂P (V = O/λ)
∂zi
= πibi(o1)β1(i) − πiP (V = O/λ)
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 		 (,
 	 $C  
C  
 % 	% + 	%
 C  7


 2' ! 

  	% 
 %  ,
 ! 
 !
2,
 ! &  

 2'
// M
 &
// M(ai) &  
   :
 ai
// s∗(ai) &  
 
 	 %  :
 ai
s

= O

(S)
M(ai) =  %  i = 1..M
3 t [   ! T

>	
3 i [   ! N >	
>$	 +,
 !   :
 ai
>	 3
%	 t  T
	
= 0 .
s

= max{s

,maxi=1..M s∗(ai)}
M(ai) = ∅ %  i = 1..M
>	 %	
>	 3
s∗ = max{s

,maxi=1..M s∗(ai)}
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%    
  
2,
 !& K,   :
 ai  +,
 2'
// M &  
   :

// M

&  
 $
   

// last &  
 
 $%
// e(s) &  * +		 
   +$%
   
 s
// echec & 7	   
 $%
   		 @
// s∗ &  
 
 	 %  :

%	 |M| <M

.
s = O
	
(s

)
%	 (M = ∅)  (f(s∗) < f(s)) .
s∗ = s
>	 %	
M = M∪ {s}
e(s) = 0
echec = V rai
%	
%	 echec .
last = U(M)
>	 %	
s = O
	
(last)
%	 f(s) > f(last) .
M = M−{last}
M = M∪{s}
e(s) = 0
echec = Faux
%	 f(s∗) < f(s) .
s∗ = s
>	 %	
%	
echec = V rai
e(last) = e(last) + 1
%	 e(last) = e

.
M = M−{last}
>	 %	
>	 %	
>	 %	
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  &
R 2;  & [MC p

= 0.01C N = 5
R 2; & N = 5C p

= 0.3C [<
  0[<

R 2; & N = 20C p

= 0.3C [M  0[<

R 2;) & N = 20C p

= 0.5C [<
  0[<

R 2;- & N = 5C p

= 0.5C [M  0[<

R 2'  & N
 
= 0C N = 50C Ai

= 0.1C Ai

= 0.1C e

= 1C T
	
= 15
R 2' & N
 
= 2C N = 5C Ai

= 0.1C Ai

= 0.1C e

= 4C T
	
= 15
R 2' & N
 
= 5C N = 5C Ai

= 0.1C Ai

= 0.1C e

= 4C T
	
= 15
R 2'  & N
 
= 0C N = 2C e

= 5C T
	
= 10
R 2' & N
 
= 2C N = 5C e

= 4C T
	
= 15
R 2' & N
 
= 5C N = 5C e

= 3C T
	
= 5
R <>'
	  & N
 
= 0C N = 100C ω = 1C c1 = 0.5C c2 = 0.5C d = d0
R <>'
	 & N
 
= 2C N = 20C ω = 0.4C c1 = 1C c2 = 0
R <>'
	 & N
 
= 5C N = 50C ω = 0.2C c1 = 0C c2 = 0C V = 6
R <>'=	
  & N
 
= 0C N = 20C ω = 0.8C c1 = 1.5C c2 = 2.5C V = 9
R <>'=	
 & N
 
= 2C N = 20C ω = 0.8C c1 = 1.5C c2 = 0
R <>'=	
 & N
 
= 5C N = 50C ω = 0.4C c1 = 0C c2 = 0.5C V = 6
R 2;
	 [MC p

= 0.01C N = 5
R 2'
	 & e

= 1C N = 2C T
	
= 5C Ai

= 0.1  Ai

= 0.2
R 2'
	 & e

= 1C N = 2C T
	
= 5
R 2' H & N
 
= 0C N = 2C Ai

= 0.9C Ai

= 0.8C e

= 1C T
	
= 5
R 2'H & N
 
= 2C N = 20C Ai

= 0.1C Ai

= 0.2C e

= 4C T
	
= 5
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= 0.2C e

= 4C T
	
= 15
R 2'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